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We investigate the effect of small external quasiperiodic perturbations with
slowly varying frequency on localized time-periodic solutions of the Nonlinear
Schrodinger (NS) equation,

iut +
1
2
uxx + |u|2u = εeikx+iψ(t), (1)

and the Sine-Gordon (SG) equation,

utt − uxx + sin u = ε cosψ(t). (2)

Here 0 < ε ¿ 1, ψt = Ω(t), Ωt = O(α), |α| ¿ 1, k is a fixed wavenumber.
In such systems, under certain initial conditions and with certain parameters
of the perturbations, the resonant phaselocking phenomenon can occur. In
this case the frequency of internal oscillations of a localized solution follows the
frequency of an external perturbation, while the amplitude of the solution grows
or decreases depending on the sign of Ωt. To describe this effect in the first order
in ε we seek solutions of eqs. (1) and (2) in the form

u(x, t) = ϕ(x, t) + χ(x, t), (3)

where ϕ is a perturbed soliton,

ϕs(x, t) =
A

ch [A (x− ξ)]
ei[V (x−ξ)+θ], (4)

or a perturbed breather,

ϕb(x, t) = −4 arctan
[
tan A

cos θ

cosh (x sin A)

]
, (5)

correspondingly, χ(x, t) ∼ ε is a small wave induced by the nonlocalized per-
turbations standing in (1), (2). The functions A(t), V (t), ξ(t), θ(t) are to be
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found. Using the perturbation theory, based on the inverse scattering trans-
form [1, 2], we obtain the systems of equations for these functions in both cases.
The systems are similar in Hamiltonian structure and reduce to the form

At = εG(A,Ω) sin δ, (6)

δt = ∆ω + ε
∂G(A, Ω)

∂A
cos δ, (7)

where δ is a phase difference, ∆ω(A,Ω) is a frequency detuning, Ω(t) is a slowly
varying frequency of an external perturbation, and the function G(A,Ω) is spec-
ified by the NS and SG cases. We investigate the system (6), (7) in the so-called
nonlinear pendulum approximation and derive the necessary and sufficient con-
ditions for the phaselocking [3, 4]. The results are in a good agreement with the
ones obtained by the direct numerical integration of the perturbed NS and SG
equations.
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